Photonic lattices composed of balanced gain and loss waveguides have attracted considerable attention due of their potential applications in optical beam engineering and image processing. These photonic lattices belong to a larger class of intriguing active metamaterials that exhibit the parity-time (PT ) symmetry. Kagome lattice is a two-dimensional network of corner-sharing triangles and is often associated with geometrical frustration. In particular, the frustrated coupling between waveguide modes in a kagome array leads to a dispersionless flat band consisting of spatially localized modes. Recently, a PT -symmetric photonics lattice based on the kagome structure has been proposed by placing PT -symmetric dimers at the kagome lattice points. Each dimer corresponds to a pair of strongly coupled waveguides. With balanced arrangement of gain and loss on individual dimers, the system exhibits a PT -symmetric phase for finite gain/loss parameter up to a critical value. Here we discuss the linear and nonlinear optical beam propagations in this novel PT -symmetric kagome system. The linear beam evolution in this complex kagome waveguide array exhibits a novel oscillatory rotation of optical power along the propagation distance. Long-lived local chiral structures originating from the nearly flat bands of the kagome structure are observed when the lattice is subject to a narrow beam excitation. We further show that inclusion of Kerr-type nonlinearity leads to novel optical solitons.
INTRODUCTION
The concept of parity-time (PT ) symmetry has attracted considerable attention in diverse areas of science since the discovery of the fact that a specific class of non-Hermitian Hamiltonians may exhibit entirely real eigenvalue spectra in a certain parameter range.
1, 2 A necessary condition for the Hamiltonian to be PT symmetric is that its complex potential V (r) satisfies the spatial symmetry constraint V (r) = V * (−r), i.e. the real part of the complex potential must be an even function of position whereas the imaginary component should be odd. Another important feature of such non-Hermitian Hamiltonians is the phenomenon of spontaneous breaking of the PT -symmetry: the system is in the so-called exact phase with entirely real eigenvalues for a small gain and loss coefficient, and undergoes a transition into a phase with broken PT -symmetry as this gain/loss coefficient increases. Among the various physical implementations, the complex PT -symmetric potentials can be realized in the most straightforward way in optics by combining the spatial modulation of the refractive index with properly balanced gain and loss. [3] [4] [5] In particular, PT -symmetric waveguide array, 3 which is equivalent to complex tightbinding system, provides a simple but nontrivial framework for the study of such non-Hermitian Hamiltonian systems.
Motivated by recent experimental developments, 4, 5 PT -symmetric photonic lattices have been theoretically studied in various geometries, including the one-dimensional (1D) chain 6, 7 and ladder, 8 as well as 2D square, 6 honeycomb, 9, 10 and triangular lattices. 11 Several intriguing features have been observed including, among others, power oscillation, double diffraction, and a new type of conical diffraction. Inclusion of nonlinearity also leads to several new soliton solutions. [11] [12] [13] [14] Recently, frustrated photonic lattices that exhibit flat bands have generated significant interest among researchers due to their fundamental interest and practical applications. The presence of flat bands indicates a macroscopic degeneracy of the eigenmodes. The superposition of these degenerate modes gives rise to highly localized stationary structures even in the absence of nonlinearity. Consequently, diffractionfree transmission can be achieved in such lattices by decomposing a given image into the local modes. 15 The significantly reduced dispersion of the flat band also indicates enhanced nonlinear effects. 16, 17 Such localized states have recently been demonstrated experimentally in optical Lieb [18] [19] [20] and kagome 21 lattices. In particular, kagome is one of the most extensively studied structure in highly frustrated magnets. 22 In addition to the flat band, the kagome spectrum also contains several topologically nontrivial band-crossing points; gapping out these points could lead to optical topological phases.
Recently, we have proposed a novel kagome photonic lattice that exhibits a PT -symmetric phase; 23 see Fig. 1 . Our strategy is to build the complex waveguide array based on PT -symmetric dimers, which have been shown to play an important role in realizing an exact PT -symmetric phase in other structures. 8, 13 A PT -symmetric dimer is a pair of strongly coupled waveguides with balanced gain and loss ±iγ. In fact, optical lattices built from such dimers possess a local PT symmetry associated with each dimer and are rather robust against disorder.
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On the other hand, the dimerization also significantly lowers the lattice symmetry. For example, in order to realize the exact PT phase, the C 3 symmetry is lost in the complex triangular and honeycomb lattices proposed in Refs. 9-11. Our proposed lattice structure, on the other hand, can be viewed as two interpenetrating twisted kagome lattices. The waveguides with gain form one twisted kagome, while waveguides with loss reside on the other kagome twisted in the opposite direction; see Fig. 1(b) . Since the chirality of the two kagome sublattices are opposite to each other, the overall structure not only possesses the PT symmetry, but also retains the C 3 point group symmetry. We believe this structure is the simplest PT lattice that also respects the three-fold rotation symmetry. A similar procedure can be used to construct a 2D lattice with both PT and C 4 symmetries.
Another interesting feature of our system is that the kagome lattice is isostatic mechanically, and twisting corresponds to a mechanical zero mode that preserves the nearest-neighbor bond length. Consequently, the two (twisted) kagome sublattices separately preserve the flat band. Introducing couplings between the two kagome sublattices produces coupled PT -dimers and lifts their individual macroscopic degeneracy. Nonetheless, our calculation shows that the system still exhibits two nearly flat bands in the PT -symmetric phase. We note in passing that the effects of PT -symmetric perturbation to quasi-1D flat-band systems have recently been investigated theoretically. 24, 25 These studies show that the quasi-1D flat-band lattices fail to display a PTsymmetric phase with entirely real eigenvalue spectrum once such complex perturbations are introduced. Our proposed kagome structure, on the other hand, exhibits an exact PT -symmetric phase with two nearly flat bands when the gain/loss perturbation is below a threshold value γ < γ c .
In this paper, we will first discuss the model, bandstructure and the PT -symmetric phase of the kagome dimer lattice in Sec. 2. We shot that the PT -symmetry breaking transition occurs when the two nearly flat bands collapse at the Brillouin zone center. In Sec. 3, we present our linear beam dynamics simulations, which uncover interesting oscillatory rotations of optical power along the propagation distance. In particular, we find long-lived local chiral structures consisting of quasi-local modes when the lattice is subject to a narrow beam excitation. By including Kerr-type focusing nonlinearity, we find stable soliton solutions that are discussed in Sec. 4. These solitons are rather large object consisting of tens of waveguides. Finally, we briefly summarize our results in Sec. 5.
BAND STRUCTURE
The complex kagome lattice is depicted in Fig. 1 . It consists of PT -symmetric dimers placed at vertices of each triangle of the kagome lattice. Since the kagome-lattice sites correspond to bonds in the dual honeycomb lattice, the same structure can be obtained by placing dimers on the bonds of the honeycomb lattice, with dimer orientations perpendicular to the bonds. Each dimer consists of two types of waveguides: type A is made of gain material, whereas type B exhibits an equal amount of loss. As discussed above, our kagome-dimer structure can also be viewed as two interpenetrating twisted kagome lattices: the A (gain) sublattice itself forms a twisted kagome lattice, while the B (loss) waveguides are arranged in another twisted kagome with opposite chirality. We assume that each waveguide supports only one mode, while light is transferred between neighboring waveguides through optical tunneling. In the tight-binding description, 26 the diffraction dynamics of the optical Figure 1 . (a) kagome photonic lattice consisting of PT -symmetric dimers. The blue and red circles denote waveguides with a gain and a loss parameter ±iγ, respectively. κ is the intra-dimer coupling, while t and t ± δ denote the nearestneighbor (NN) couplings between same and different sublattices, respectively. (b) The lattice can also be viewed as two interpenetrating twisted kagome lattices. The waveguides with gain (blue) form one twisted kagome sublattice, while waveguides with loss (red) form another twisted kagome with opposite chirality. The combined structure still preserves a C3 discrete rotation symmetry.
field amplitude Ψ n = (a n , b n ) T at the n-th dimer evolves according to the following coupled-mode equation:
Here γ is the gain/loss parameter, κ is the dominant intra-dimer coupling, χ is the Kerr-type nonlinear coupling coefficient, 27 t is the nearest-neighbor (NN) coupling constant between waveguides of same sublattices, t ± δ denote the two distinct NN couplings between different sublattices; see Fig. 1 . The summation above is restricted to the NN pairs. We first analyze the linear bandstructure of the kagome dimer structure and set χ = 0. To this end, we note that the kagome site index can be represented as n = (s, r n ), where s = 1, 2, 3 indicates the three sublattices of kagome, and r n denotes the Bravais lattice point of the underlying triangular lattice. After introducing a Fourier transform for field amplitude a n = (1/ √ N ) k a s,k exp(ik · r n ) and a similar expression for b n , the coupled-mode equations become
where
T , and the two 3 × 3 matrices P and Q are
For convenience, we have introduced factors c i = 2 cos(k · d i ) and s i = 2 sin(k · d i ) (i = 1, 2, 3), the three vectors
connect the neighboring sites on kagome, and a is the lattice constant. The dispersion relations of the eigenmodes are given by the stationary solutions Ψ k ∼ exp(iβz), where the propagation constant β = β(k) is the eigenvalue of the tight-binding matrix in Eq. (2). Re " As is well established in other non-Hermitian systems, the PT symmetry is a necessary but not a sufficient condition for the reality of the eigenvalue spectrum. By using spectral techniques we numerically determined the existence of a PT threshold γ c , below which the propagation constants of all bands and wave vectors are real. The critical γ c depends on coupling constants κ and t , to be discussed below. Above this threshold, the system undergoes a transition into a phase with partially complex eigenvalues β. Fig. 2(a) shows the band structure of the kagome lattice when γ < γ c . This spectrum inherits several features characteristic of the kagome tight-binding model; it can be viewed as two (scaled) copies of the kagome spectrum. First, there are two pairs of Dirac points located at the corners of the Brillouin zone. 16 Second, there are two quadratic band crossing points at the zone center. These quadratic crossing points are topologically nontrivial in the sense that each of them carries a 2π Berry flux. Finally, there are two nearly flat bands (the 3rd and 4th) due to geometrical frustration; the weak dispersion is caused by the coupling between the two twisted kagome sublattices A and B.
The two nearly flat bands are separated by a finite gap ∆ as shown in Fig. 2(a) . With increasing gain/loss parameter, the closing of the gap at k = 0 coincides with the PT -symmetry breaking transition. Analytical calculation finds a gap ∆ Γ = 2 (κ − 2t ) 2 − γ 2 at the Γ point. Setting ∆ Γ = 0 gives the critical value for the PT transition: γ c = κ − 2t , which is independent of t and δ. The two topological quadratic band-crossing points merge at the Brillouin zone center when γ = γ c ; see Fig. 2(b) . The PT phase transition here exhibits all the characteristics of an exceptional-point singularity. Other than the coalescing of eigenmodes, signaling a collapsed Hilbert space, we have also confirmed numerically a divergent Petermann factor 28, 29 when γ → γ c . In the PT -symmetry breaking phase, the two original nearly flat bands coalesce completely when γ > γ c2 . The real part of the coalesced band is doubly degenerate and becomes perfectly flat; its imaginary part is nonzero throughout the whole Brillouin zone. 
LINEAR BEAM DYNAMICS
The complex guiding potentials also have profound effects on linear beam dynamics of the kagome waveguide arrays. By exciting the PT -symmetric lattice with a Gaussian beam at z = 0, we numerically integrate Eq. (1) for a large system with up to 6 × 10 4 waveguides. We first consider the situation when the array is excited by a wide beam of width w 0 = 5.5a; the center of the beam coincides with one of the triangle center. For a passive kagome lattice, the beam evolution follows the standard diffraction pattern as shown in Fig. 3(a) . The envelop of the optical field remains circularly symmetric with respect to the beam center, while its amplitude slowly decays with distance. On the other hand, the intensity profile, Fig. 3(b) , of a complex array with γ = 0.75 exhibits a rather inhomogeneous power distribution within individual dimers. As the optical power oscillates in the kagome lattice, the radial profile of |Ψ| 2 shows multiple branches. Detailed examination reveals that the optical field rotates periodically about the beam center. To quantify this oscillatory rotation, we first compute the angular Fourier components of the intensity profile: F m ≡ n |Ψ n | 2 exp(im θ n ), where m is an integer, and θ n = arctan(y n /x n ) is the angular coordinate of the nth waveguide. The fact that the optical field maintains a C 3 symmetry indicates that the first nontrivial higher harmonic is m = 3. We can then define an angle Θ 3 ≡ arctan[Im(F 3 )/Re(F 3 )] to measure the shift of the optical power from the C 3 symmetric axis of the lattice. For a passive lattice, this angle remains zero throughout the beam propagation. On the contrary, Θ 3 oscillates with z in the exact PT -symmetric phase of the kagome lattice; see Fig. 4(a) . This result is reminiscent of the power oscillation phenomena of a single PT dimer. An input beam with a narrow width excites a broad range of eigenmodes including those in the nearly flat bands. After the optical power spreads over the lattice through the dispersive modes, a long-lived local structure remains in the central region of the input beam. These local structures are quasi-stationary. For example, in a passive array, the intensity profile oscillates between the two patterns shown in Fig. 3(c) and (e); the pattern repeats itself with a period ∆z ≈ 3.5. The introduction of gain/loss to the waveguides gives rise to a chiral local structure; two snapshots of such local patterns are shown in Fig. 3(d) and (f) for a PT -symmetric kagome lattice with γ = 0.78. The dynamical evolution of the local structures is more complex than that of a passive array. Again, while maintaining a C 3 symmetry, the chiral pattern rotates about the beam axis. This is illustrated in Fig. 4(b) which shows the angle Θ 3 as a function of propagation distance z for a narrow beam excitation. The chiral nature of the local structure also manifests itself in the beam dynamics: the moving average of Θ 3 deviates significantly from zero especially at large z. 
FUNDAMENTAL SOLITONS
In this section, we consider the effect of Kerr-type focusing nonlinearity in the kagome PT -symmetric waveguide arrays. For light propagation in a Kerr-type medium, the refractive index is a function of the field intensity, i.e. n(r, |Ψ| 2 ) = n(r) + n 2 |Ψ| 2 . The nonlinear coefficient χ in Eq. (1) is proportional to the Kerr coefficient n 2 . Inclusion of nonlinearity in the fundamental PT -symmetric dimer leads to intriguing phenomena such as unidirectional propagation of optical waves. 30, 31 Localized nonlinear modes or solitons are also shown to exist in both 1D and 2D photonic lattices with PT -symmetry. [11] [12] [13] [14] In particular, the exact soliton solution of a PT -symmetric dimer exhibits several prototypical properties of such nonlinear modes in general PT -symmetric systems.
27 First, these soliton solutions form continuous families which can be parameterized by the propagation constant. Moreover, there exists two branches of such nonlinear modes when the gain/loss parameter γ is below the threshold. At the exceptional point γ = γ c , these two branches coalesce and become unstable above the PT -symmetry breaking transition. On the other hand, stable soliton solutions have also been examined in kagome systems without PT -symmetry. 16, 32, 33 Our system provides the first realization of optical solitons in a kagome-based structure with PT -symmetry.
To obtain the stationary soliton solution, we search for solutions in the form of Ψ n (z) = (a n , b n )
T exp(iµz), where µ is a real propagation constant. After substituting this ansatz into Eq. (1), we arrive at the following nonlinear eigenvalue equation
Soliton solutions are then obtained using the imaginary-time relaxation method. [34] [35] [36] The power of the soliton is defined as P = n |Ψ n | 2 . The imaginary part of the PT -symmetric potential induces inhomogeneous loss, which can generate a lateral gradient force, resulting in the transverse power flow. This local power-flux is given by the Poynting vector of the optical field. In the coupled-mode or tight-binding formulation, the lateral power flux is proportional to the imaginary part of the mode coupling, i.e. S ∝ iκ(a * n b n − a n b * n ), For γ below the threshold γ c = κ − 2t , we numerically construct a family of soliton solutions with real eigenvalues located within the semi-infinite "energy" gap of the linear spectrum. A typical profile of the soliton is shown in Fig. 5 . The intensity I(r) = |Ψ n | 2 is well approximated by a Gaussian envelop with a radius of R ≈ 5 lattice constants. We have also analyzed the stability of the solitons using the standard linearization procedure by adding a small perturbation to the stationary solution. Explicitly, we consider a optical field of the form Ψ n = (Φ n + F n e iσz + G * n e −iσ * z )e iµz , where Φ n and µ are obtained from the nonlinear stationary equation (4), F n and G n are small perturbations. The stability of the nonlinear mode is then determined by the eigenvalue σ of the linearized equation. The growth rate of the instability is then determined by the imaginary part of σ. Similar to previous analysis on solitons in bipartite PT -symmetric lattice, we find that the instability growth rate tends to increase with the gain/loss parameter γ. The real and imaginary parts of the soliton solution are shown in Fig. 5(b) and (c), respectively. It is worth noting that the nontrivial relative phase of Ψ n at different lattice points indicates a lateral power flow, as discussed above. In general, the direction of the flow is from gain to loss regions. The unbroken C 3 symmetry of the fundamental soliton thus gives rise to an interesting circular pattern of the lateral power flow.
CONCLUSION
To summarize, we have presented a kagome based photonic lattice with PT -symmetry and studied its linear beam dynamics and nonlinear optical soliton solutions. The complex waveguide array supports an exact PTsymmetric phase for gain/loss parameter below a finite threshold. The eigen-spectrum in this phase contains two nearly flat bands inherent from the underlying kagome structure. The proposed complex lattice possessing a full C 3 symmetry can be derived from placing PT -symmetric dimers at either the kagome sites or the honeycomb edges. We have uncovered oscillatory power rotation and long-lived chiral local structures in the beam dynamics of the complex kagome lattice. With the inclusion of Kerr-type focusing nonlinearity, we have also obtained a new class of nonlinear self-trapped modes residing in the PT -symmetric kagome photonic lattice.
